In this paper, we study the asymptotic behavior of the zeros of a sequence of polynomials whose weighted norms have the same n th root behavior as the weighted norms for certain cxtrcmal polynomials. Our results include as special cases several of the previous results of ErdGs, Freud, Jentzsch, Szego and Blatt, Saff, and Simkani. Applications are given concerning the zeros of orthogonal polynomials over a smooth Jordan curve (in particular, on the unit circle) and the zeros of polynomials of best approximation on R to nonentire functions.
INTRODUCTION
The behavior of the zeros in the complex plane C of sequences of polynomials is a classical subject that has been studied by many authors. Typical examples include sequences of orthogonal polynomials [3, 26, 27] , manic polynomials minimizing various norms [ 15, 283 , and polynomials of best approximation to a fixed function [2] . In this paper, we use potential theoretic methods to prove a general theorem (Theorem 2.3) dealing with the limiting behavior of the zeros of polynomials that have asymptotically MHASKAR AND SAFF minimal norms. This theorem provides a unifying method by which many of the above cited results can be obtained.
To be more precise, let w be an admissible weight on a closed set E c C (cf. Definition 2.1), let (1. I( E denote the supremum norm on E, and let Z7, denote the class of all algebraic polynomials (with complex coefficients) having degree not exceeding n. For such a weight, it is known (cf. [19, 21] ) that the constants tn(w, E) := inf{ (jw"P[( E: P(z) =z"+ . . . ~17,) (1.1) satisfy t(w, E) := lim [t,(w, E)]"" = exp( -F) n-cc (1.2) for a suitable constant F (see (2.9), (2.10)).
By an asymptotically minimal norm sequence of manic polynomials p,(z) = zn + . *. E II,, we mean a sequence that satisfies lim Ilw"p,(l p = t(w, E). n-cc (1.3)
TO each pn = nt= I (z-zzk), we associate the normalized distribution measure v(p,) defined by (1.4) where 6, is the point distribution with total mass 1 at zk. Roughly speaking, we shall show that a suitable balayage (sweeping) of any weakstar limit of these measures is equal to the corresponding balayage of a probability measure p := ~(w, E) that solves the generalized minimal energy problem min ss log{lz-tl w(z)w(t))-'da(z)da(t), osM (E) where M(E) denotes the collection of all probability measures supported on E.
The introduction of the weight w leads to substantial generalizations of classical results because it allows the study of asymptotically minimal norm polynomials over unbounded sets in the plane. As applications of our main theorem we describe the behavior of zeros of orthogonal polynomials (with respect to a fixed weight) over a smooth curve in C, and the behavior of the zeros of polynomials of best approximation to a fixed function with respect to an exponential weight on R = ( -co, co).
In Section 2, we describe our main results. In Section 3, we discuss the above-mentioned applications. The proofs of all the new theorems in Sections 2 and 3 are given in Section 4.
MAIN RESULTS
Our main theorem extends a result of Blatt, Saff, and Simkani [2] by incorporating a weight function and using the notion of bala,yage. The weight function will be assumed to be admissible in the sense of the following definition. DEFINITION 2.1. Let EC C be a closed set of positive logarithmic capacity and w: E--f [0, co). We say that w is admissible if each of the following conditions holds: 0) w is upper semi-continuous, (ii) E, := {z E E: w(z) > 0) has positive (inner logarithmic) capacity (cf. [25] ), and (iii) if E is unbounded, then 1zI w(z) + 0 as jz\ --) co, z E E.
Let A(E) denote the class of all positive unit Bore1 measures whose support is contained in E. If (T E A(E), the weighted logarithmic energy of 0 is defined by z,.(o) := j j log{ )z -tl w(z) w(t)} -' ddz) ddt). (2.1) We let V(w, E) denote the minimum value of this energy, i.e., V(w, E) := inf I,(g).
UE.,M(E) (2. 2)
The w-modified capacity of E is then defined by (cf. [ 193) cap(w, E) := exp( -V(w, E)).
If E is compact and w = 1 on E, then cap(w, E) coincides with the classical logarithmic capacity of E, denoted by cap(E).
For an admissible weight w on a closed, but not necessarily bounded, set E, it is known (cf. [19, 21] ) that there exists a unique p := ~(w, E)EA(E) satisfying Z,(P) = VW, El.
(2.4)
Moreover, Y = P'(w, E) := supp(p) is compact, Y c {z E E: w(z) > 0}, and .P has finite logarithmic energy. We define When E is compact, cap(E) > 0, and w = 1 on E, then, of course, the extremal measure ,a is the equilibrium measure of E, which will be denoted by vE. In this case,
More generally, it is known (cf. [ 19, 2 11 ) that
Closely related to the notion of w-modified capacity is the notion of w-modified Chebyshev constant (cf. [ 19, 21 I) . When w is an admissible weight function on a closed set E c C, we define t,(w, E) as in (1.1). The w-modified Chebyshev constant of E is then defined by t(w, E) := lim [t,(w, E)]"", (2.9) n-a where the limit is known to exist (cf. [ 19, 211) . The connection between t(w, E) and cap(w, E) is described by (cf. [19, 21] ) t(w, E) = exp( -F(w, E)) = cap(w, E) exp j Q dp(w, E) . > (2.10)
A theorem of Blatt, Saff, and Simkani [2] , which generalizes an earlier result due to Szegii [23] , asserts, in particular, that when E c C is compact, cap(E) > 0, and E does not contain or surround a set with nonempty (2-dimensional) interior and {p,(z) = zn + . . .} is a sequence of polynomials that satisfies lim II p,lJ p = cap(E), n-m then v( pn) --f v, in the weak-star sense, where v(p,) is the normalized zero measure defined in (1.4) . When E encloses a set having nonempty interior, such a statement cannot be true, as the following example shows. In this paper, we shall investigate this phenomenon in greater generality, using the notion of balayage. A property is said to hold q.e. (quasi-everywhere) if it holds everywhere except on a set of (classical) capacity zero. For a nonempty compact subset S of C, we let D,(S) denote the unbounded component C\S, PC(S) := C\O,(S) denote its polynomial convex hull, and 8,s denote its outer boundary, i.e., a, S := so,(S). Let cr E ,g;A(Pc(S)). A measure 6 supported on 8,s is a bafayage of (T to 8,s if ~log~z-tl-'~~(t)=~loglz-r~-'~~(t)
q.e. on D,(S). (2.12)
By continuity, the equality in (2.12) holds everywhere in D,(S). Moreover, if a, S is regular with respect to the Dirichlet problem for D,(S), then CJ has a balayage 6 such that (2.12) holds at every z E D,(S).
In the sequel, we adopt the notation U(c, z) :=\ log lz-tI -l do(t). then (2.14) holds with equality.
We note that if E is a compact set of positive capacity and w is the characteristic function on E, then p = vE is supported on 8, E. Hence [PI,, = /A and Theorem 2.3(b) reduces to the theorem of Blatt, Saff, and Simkani [2] . Moreover, Theorem 2.3(a) is an extension of [2, Lemma 3.11. When EO& R (where E,, := {ZE E: w(z) >O}), the "interior condition" of Theorem 2.3(b) is automatically satisfied and the convergence (2.19) was proved in [16] (under somewhat stronger assumptions) and yielded many known results concerning the distribution of zeros of extremal incomplete polynomials as well as of orthogonal polynomials on the whole real line.
The next result does not require that the polynomials p,, be manic or that they have precise degree n. In the statement, v(p,) is again defined by (1.4) (except that n is now replaced by the precise degree of pn) and we continue with the notation used in Theorem 2.3. Let v* be any weak-star limit measure of {~(p,,)},,~,,. Then v* E A(Pc (9)) and, for balayage to a, 9, cv*lb = CPlb. In particular, if p = 2 then Tn.* are the manic orthogonal polynomials on E with respect to da. When E is the unit circle {z E C: IzI = 1 }, then we shall adopt the more conventional notation and denote T,,, by @,,. We proved in [ 181 the following: ) then (3.6) holds even in the case when p = 1.
A version of Theorem 3.1 can be easily extended to a more general setting where E is the outer boundary of a compact set having positive capacity (e.g., a Jordan curve). The essential property of (T needed for this extension is the following implies Property R for all 0 < p < co. More general conditions for Property R can be found in the work of Stahl and Totik [22] . THEOREM 3.2. Let E be the outer boundary of a compact set having positive capacity and assume o is a positive, finite, Borel measure on E for which Property R holds.
Then, for any closed subset A c D,(E),
Moreover, any limiting measure v* of (v( T,,, ,) } ,"= , has a balayage to E with fikte logarithmic energy, and [v*lb=vE, (3.12) where vE is the equilibrium measure for E.
As a further application, we study the zeros of the polynomials of weighted best uniform approximation on the whole real line to non-entire functions. Let a z 1, W,(x) := exp( -(xl'), XE R, and C,(R) denote the class of all continuous functions on R vanishing at infinity. It is easy to see that for each n, there exists a unique p,* := p,*(cr, .f) E 17, such that II~,(f-P,*)IlR=&,(~,f). (3.14)
Moreover, since ~12 1, E,(M, f) + 0 as n -+ co (cf. [24] ). We define q,*(z) := p,*((n/U""z), ZEC, We observe that, in contrast with a theorem of Blatt, Saff, and Simkani [Z], we do not require the function to have a singularity on the interval where it is approximated. In fact, (3.18) may be satisfied even when f is an entire function. In view of the results in [ 141, such a function must necessarily be of order at least a, or when its order is tl, the type must be at least 1. The precise characterization of functions satisfying (3.18) is not yet known.
PROOFS
We begin by recalling some definitions and developing some notations. When E c R and p,, is a suitable extremal polynomial, it is shown in [13] that the expression in parentheses in (4.5) can be estimated by c(log n)/n in many interesting cases. When w is the characteristic function of [ -1, 11, the same quantity appears as an estimate in the discrepancy theorems of Erdiis and Turin and Ganelius (cf. [4, 6] and also [ 11) .
The proof of Lemma 4.1 is essentially the same as the proof of inequality (3.7) in [2] except that, instead of g&z, co), we use j log)z-tl d .7) where [plb is the balayage of finite energy of ,u to a, Y.
Proof: It is known (cf. [19, 21] ) that I logjz-t( dp(t)=Q(z)-F q.e. on 9,
where Q = log( l/w). Moreover, q.e. on d, P', j-log Iz -4 dCpldt) = j. log lz -4 44t) Since pn is manic, this gives t(co)>nv,(G,).logr.
(4.14)
The estimate (4.5) now follows from (4.13) and (4.14). u
In order to prove Theorem 2.3, we need another fact about U(p, z). We fix an arbitrary point z0 E a, Y and construct a polynomial dn from p, as follows. Let {~;,~>'f be the zeros of pn and let k, denote the number of these zeros that lie in D, (3) . Then set
Since k,/n + 0 as n + 00, it is easy to see that v* is also a weak-star limit of v(j?,,) and that {a,} also satisfies (2.14). From (2.14) and Proposition 4.2, it follows that UCPlb? 2) d En + ~(VkA Z)> ZEC, (4.16) where E, -+ 0 as n -+ co. Thus
Since the measures ~(a,) are all supported on a fixed compact set C\D,($), by the strong version of the principle of descent (cf. [lo, Theorem 3.8]), the right-hand side of (4.17) is q.e. equal to U(v*, z). Thus VCPlb, z) G WV*, z) q.e. on C. 
2(ii).
We remark that any balayage of v * to d, 9 has finite energy (and so [plL, is its unique balayage). Indeed, it is known (cf. [21] ) that there is a (finite) constant A4 such that U(p, z) < A4 for all z E C. If a* is a balayage of v*, then iqc*, z) = cqv*, z) = U(p, z) 6 M, z E ~,(W, and so, by the lower semi-continuity of U(v^*, z), u(i*, z) < M, zEa,9, which implies that i* has finite energy. 1 Together with (4.25), we obtain that (2.14) holds with equality. 1
The proof of Theorem 2.4 is similar to that of Theorem 2.3(a), except that z0 now plays the role of the point at infinity. First we establish Next, we claim that for quasi-every z E C y$ log IsI -'dv(j~-,,)(t)=/log(s/-'dv*(t). The estimates (4.40) and (4.39) prove (4.36). In turn, we have observed earlier that (4.36) implies the convergence of v(q,*) to p(w%, R). The fact that (3.18) is satisfied iff is not an entire function, follows from Corollary 4 in [ 121. In [ 121, this is proved only for a class of weight functions which includes W, only when LY 3 2. However, later results due to Rakhmanov [20] show (cf. Theorem 2, Corollary 3 in [12] ) that Corollary 4 of [ 121 is also true if tl > 1. 1
